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Introduction

A subgroup H of a group G is called f -subnormal in G if there
is a finite chain of subgroups

H = H0 ≤ H1 ≤ . . . ≤ Hn = G

such that either |Hi+1 : Hi| is finite or Hi is normal in Hi+1,
for 0 ≤ i ≤ n− 1.

Clearly every subnormal subgroup of G is f -subnormal in G;
however if Gi ' S3 for i ≥ 1, then the subgroup H1, generated
by (12) in G1, is f -subnormal in G, the direct product of the Gi,
but H1 is not subnormal in G.

This generalization of subnormality was introduced by
R.E. Phillips [9] in 1972. Groups all of whose subgroups are
f -subnormal were shown to be finite-by-soluble in [3] and fur-
ther results were obtained in [4, 8] and [5].

Together with M.R. Dixon we have studied groups satisfying
various chain conditions on f -subnormal subgroups. First we
review some known chain conditions on subnormal subgroups.

Chain conditions for subnormal subgroups

A group G satisfies the minimal condition on subnormal subgroups
(denoted by min-sn) if every non-empty set of subnormal sub-
groups of G has a minimal element or, equivalently, if every
descending chain of subnormal subgroups of G terminates in
finitely many steps. Groups satisfying the maximal condition on
subnormal subgroups (denoted by max-sn) can be defined in an
analogous manner. The classes of groups satisfying min-sn (re-
spectively max-sn) have made a frequent appearances in the
literature (see [11]).

Similarly a group G is said to have the weak minimal condition
on subnormal subgroups (denoted by min-∞-sn) if every descend-
ing chain of subnormal subgroups of G

H0 ≥ H1 ≥ H2 ≥ . . .

has the property that only finitely many of the in-
dices |Hi : Hi+1| are infinite; there being a corresponding weak
maximal condition on subnormal subgroups also (denoted by
max-∞-sn). Some interesting papers devoted to the conditions
min-∞-sn and max-∞-sn include [6, 7, 13].

Furthermore, a group G is said to satisfy the double chain con-
dition on subnormal subgroups if for every chain of subnormal
subgroups of the form

(2) . . . ≤ G−n ≤ . . . ≤ G−1 ≤ G0 ≤ G1 ≤ . . . ≤ Gn ≤ . . .

there exists an integer k such that Gi = Gk for all i ≥ k
or Gi = Gk for all i ≤ k. The structure of certain generalized
soluble groups satisfying the double chain condition on sub-
normal subgroups was recently described in [2].

Finally, we say that G satisfies the weak double chain condition
on subnormal subgroups (respectively f -subnormal subroups) if in
every chain of the form (2) where Gi is subnormal in G (respec-
tively f -subnormal) at most finitely many of indices |Gi+1 : Gi|
are infinite.

Now, we move on to the chain conditions we took into account
in our study.

Chain conditions for f -subnormal subgroups

A groupG is said to satisfy the maximal condition on f -subnormal
subgroups (max-fsn) if every ascending chain of f -subnormal
subgroups terminates in finitely many steps; equivalently ev-
ery non-empty set of f -subnormal subgroups of G has a maxi-
mal element. There are similar definitions for groups satisfying
the properties named min-fsn, max-∞-fsn and min-∞-fsn and
for groups satisfying the (weak) double chain condition on f -sub-
normal subgroups.

All our results on groups satisfying the above chain conditions
on f -subnormal subgroups can be summarized in the following
catch-all theorem.

Theorem 1.
Let G be a group. Then
i G satisfies min-fsn if and only if G satisfies min-sn;

ii G satisfies max-fsn if and only if G satisfies max-sn;
iii G satisfies min-∞-fsn if and only if G satisfies min-∞-sn;
iv G satisfies max-∞-fsn if and only if G satisfies max-∞-sn;
v G satisfies the double chain condition on subnormal sub-

groups if and only if G satisfies the double chain condition on
f -subnormal subgroups;

vi G satisfies the weak double chain condition on subnormal
subgroups if and only ifG satisfies the weak double chain con-
dition on f -subnormal subgroups.

Chain condition for (non-f -subnormal)-sub-
groups

Many authors have considered groups with the minimal (re-
spectively maximal, weak minimal, weak maximal) condition
on non-subnormal subgroups. Whilst it is clear that every chain
condition on (non-subnormal)-subgroups implies the analo-
gous condition for (non-f -subnormal)-subgroups the following
easy example shows that the converse is always false.

Example 1.
Let S = S3 and consider the direct sum

G = S × Dr
i∈I
Gi

where i ∈ I = {5, 7, 11, 13, . . .} and each Gi is the cyclic group
of order i. Obviously every subgroup of G is f -subnormal
and so G satisfies all the chain conditions on (non-f -subnor-
mal)-subgroups. If we now take a non-subnormal subgroup
of S, which we denote by H , then H × K is not subnormal
in G, whenever K is any subgroup of direct product of the Gi.
ThereforeG has an infinite double chain of non-subnormal sub-
groups, which guarantees thatG satisfies none of the chain con-
ditions on (non-subnormal)-subgroups.

The f -Wielandt subgroup

The Wielandt subgroup w(G) of a group G was introduced
by H. Wielandt [15] in 1958 as the intersection of the normaliz-
ers of all subnormal subgroups of G. It is the analogous to the
kern or normN(G) of a groupG, defined to be the intersection of
the normalizers of all the subgroups of G, and originally intro-
duced by R. Baer [1]. It was shown in [14] that N(G) ≤ Z2(G),
the second centre of G, and that G/CG(N(G)) is abelian.

We define the f -Wielandt subgroup of a groupG, w(G), as the
intersection of the normalizers of all f -subnormal subgroups
of G. Clearly

Z(G) ≤ N(G) ≤ w(G) ≤ w(G),

where Z(G) is the centre ofG and the following example proves
that w(G) can be strictly contained between Z(G) and w(G).

Example 2.
Let C be a cyclic group of order 7, let θ be an automorphism of
order 3 of C and put B to be the locally dihedral 2-group, that
is, B = 〈x〉n A where A = C2∞ and x is such that ax = a−1, for
elements a of A, and x2 = 1.
Let Θ = 〈θ〉, D = Θ n C and consider the group G = B ×D.
The norm of the group B coincides with the center of B, while

w(B) = w(B) = B.

For the group D, instead, we have that

Z(D) = N(D) = w(D) = {1},

while w(D) = D.
It follows that for the group G, Z(G) = N(G) = Z(B), w(G) = B
and w(G) = G, namely, the norm, the f -Wielandt subgroup and
the Wielandt subgroup are three different subgroups of G.

It is easy to prove that in a residually finite group G the sub-
group w(G) is contained in the second center Z2(G) of G and if
it is torsion-free, then it is also abelian. Moreover, if we restrict
our attention to polycyclic groups we can actually prove that
the f -Wielandt coincides with the center.

Finally, it was shown in [10] and [12] that if G is group satisfy-
ing min-sn, then |G : w(G)| is finite and we obtained an analo-
gous result for the f -Wielandt subgroup as a consequence of the
following theorem which strongly depends upon Theorem 1.

Theorem 2.
Let G be a group satisfying min-sn and suppose that H is f -sub-
normal in G. Then H has only finitely many conjugates in G.

Corollary.
Let G be a group satisfying the minimal condition on subnormal sub-
groups. Then w(G) has finite index in G.
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